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Abstract. We give an exact O(nk2 ) algorithm for finding the densest
k subgraph in outerplanar graphs. We extend this to an exact O(nk2 8b )
algorithm for finding the densest k subgraph in b-outerplanar graphs.
Often, when there is an exact polynomial time algorithm for a problem
on b-outerplanar graphs, this algorithm can be extended to a polynomial
time approximation scheme (PTAS) on planar graphs using Baker’s technique. We hypothesize that this is not possible for the densest k subgraph
problem.
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Introduction

The density of a graph is defined to be the ratio of edges to vertices in the
graph. More precisely, if an undirected graph G = (V, E) has |V | = n vertices
and |E| = m edges, the density of G is m
n.
In a network that represents academic collaboration, authors within the densest component of the graph tend to be the most prolific [15]. Dense components in
a web graph might correspond to sets of web sites dealing with related topics [10]
or link farms [11]. Finding dense subgraphs aids in finding price value motifs [7].
Dense subgraphs can identify communities in social networks [5]. In the field of
visualization, finding dense subgraphs allows for better graph compression [4].
Dense subgraphs assist in finding stories and events in micro-blogging streams
such as Twitter [1]. Dense subgraphs can be used to discover regulatory motifs
in genomic DNA [9], and to find correlated genes [14]. It is therefore interesting
to find the dense components of graphs, or dense subgraphs. The density of a
. Goldberg gave
subgraph induced by a vertex set S ⊆ V is d(S) = |E(G[S])|
|S|
2

an O(nm log n log( nm )) algorithm to find a subgraph of maximum density using
network flow techniques [12].
Given an undirected graph G = (V, E) and an integer k, the densest k subgraph problem is defined as follows: find a subgraph H ⊆ G such that |V (H)| = k
and the density of H is maximized. This problem can be shown to be NP-Hard
by a reduction from Clique [8]. Since (if P "= N P ) there is no polynomial time
algorithm for this problem, we restrict our domain. We consider the densest k
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subgraph problem on planar graphs, graphs that can be drawn in the plane in
such a way that no two edges cross each other. While the complexity of the
unconnected densest k subgraph problem on planar graphs is unknown [6], the
connected planar densest k subgraph problem is NP-Complete by a reduction
from the connected vertex cover problem on planar graphs with maximum degree
4 [13]. Therefore, we further restrict our domain to outerplanar and b-outerplanar
graphs. An outerplanar graph (or a 1-outerplanar graph)is a planar graph with
an embedding such that all vertices are on the outer face. A 2-outerplanar graph
is a planar graph with the property that, when the vertices on the unbounded
face are removed, the remaining vertices all lie on the unbounded face. A bouterplanar graph is a planar graph with the property that, when the vertices
on the unbounded face are removed, the remaining graph is (b − 1)-outerplanar.
In what follows we begin with an exact polynomial time algorithm for the
densest k subgraph problem in outerplanar graphs inspired by Baker [2] in
Sect. 2. There have been other exact polynomial time algorithms for this problem in outerplanar graphs, but to the authors’ knowledge, none that use Baker’s
technique [3]. We extend this algorithm to b-outerplanar graphs in Sect. 3. Often,
when there is an exact polynomial time algorithm for a problem on b-outerplanar
graphs, this algorithm can be extended to a polynomial time approximation
scheme (PTAS) on planar graphs using Baker’s technique. We hypothesize that
this is not possible for the densest k subgraph problem in Sect. 4.

2

An Algorithm to Find the Densest k Subgraph
Problem in Outerplanar Graphs

Baker presented a dynamic programming algorithm for the independent set problem on outerplanar graphs [2]. We modify this dynamic program to an algorithm
for the densest k subgraph problem on outerplanar graphs. Suppose we are given
an outerplanar graph, a planar graph with an embedding such that all vertices
are on the outer face. We will define a rooted labelled tree, T , that will correspond to the given outerplanar graph. This tree construction was given by
Baker [2]. We repeat it here for completeness.
Suppose we are given an outerplanar graph, G. If G has any bridges (an edge
whose removal disconnects the graph), (x, y), add an additional edge (x, y). Then
the bridge may be treated as a face. We will call edges exterior if they lie on the
outer face and interior otherwise.
Now we build the tree, T : First we suppose that G has no cutpoints (vertices
whose removal disconnects the graph). For a description of the tree construction
on an outerplanar graph with cutpoints, see [2]. We place a tree vertex in each
interior face (call these interior tree vertices) and on each exterior edge (call these
exterior tree vertices). We add a tree edge between each interior tree vertex and
the interior tree vertices of adjacent faces. We also add a tree edge between each
interior tree vertex and any exterior tree vertices with edges adjacent to the face.
For a very simple example, see Fig. 1.
We may choose any interior tree vertex to be the root of T . We may also
choose which child of this root will be the leftmost child. These two choices
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Fig. 1. The left figure is an example outerplanar graph, G. The middle figure shows
the construction of T (with square vertices and dashed edges) from G. The right figure
shows the labeling of T after making the choice to have vertex J as the root with P as
J’s leftmost child.

determine the ordering of all remaining vertices. We label the vertices of T
recursively. Label each exterior tree vertex in the tree with the exterior edge
that it is on. Label each interior tree vertex with the first and last vertices of its
children’s labels.
After constructing Baker’s tree (as described above), we give our original
dynamic program. We fill in a table for each vertex, v, in T (with label (x, y)).
The table will hold the maximum number of edges for a subgraph on k vertices (k
ranging from 0 to the size of the subgraph for the subtree rooted at v) depending
on whether or not x and y are in the set. For example, consider the leaf vertex,
L, in T representing edge (b, a) in G:

T able(L) = T(b,a)

b
0
= 0
1
1

a
0
1
0
1

k=0
0
∅
∅
∅

k=1
∅
0
0
∅

k=2
∅
∅
∅
1

k=0
0
∅
∅
∅

k=1
0
0
0
∅

k=2
∅
1
1
1

This table is undefined for many entries, for example, the entry where b = 0,
a = 1, and k = 2 is undefined because there is no way to have a subgraph on 2
vertices when there is only one vertex to select from. For the entry where b = 1,
a = 1, and k = 2, we obtain a value of 1 because there is an edge between b and
a. The table will be identical for each leaf in T .
Now we will fill out a table for a tree vertex with exactly two children. This
table is calculated by merging the tables for its two children, as described below.
Consider H with label (b, e):

T able(H) = T(b,e)

b
0
= 0
1
1

e
0
1
0
1

k=3
∅
∅
∅
3

We now give pseudocode for how to merge two sibling tables, T(x,y) and T(y,z)
(creating T(x,z) ). For the table of a vertex with label L, K will be the minimum
of k (the input k for the densest k subgraph problem) and the number of vertices
in the subtree represented by label L.
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Algorithm 1. Merge((T(x,y) , T(y,z) , K))

for Each (bx , bz ) in {(0, 0), (0, 1), (1, 0), (1, 1)} do
values = []
for Each k from 0 to K do
for Each by in {0, 1} do
for Each kx from bx + by to k do
kz = k − kx + by
if x == z AND (bx AND by ) then
kz + +
value = T(x,y) (bx , by , kx ) + T(y,z) (by , bz , kz )
if x "= z AND (bx AND bz ) AND (x, z) is an edge then
value + +
if value "= ∅ then
Add value to values
if values is not empty then
T(x,z) (bx , bz , k) = max(values)
else
T(x,z) (bx , bz , k) = ∅

To find the solution for the densest k subgraph problem, we look to the table
for the root, in the case of our example, the table for J. We take the maximum
value in the table for the column corresponding to k.

T able(J) = T(c,c)

c
0
= 0
1
1

c
0
1
0
1

k=0
0
∅
∅
∅

k=1
0
∅
∅
0

k=2
1
∅
∅
1

k=3
3
∅
∅
3

k=4
4
∅
∅
4

k=5
6
∅
∅
6

k=6
7
∅
∅
8

k=7
∅
∅
∅
10

To find all intermediate tables, please see the extended version of the paper.
The following two lemmas give the proof of correctness of the dynamic programming algorithm.
Lemma 1. For each leaf vertex, X (with label (a, b)), in the tree, T able(X) =
T(a,b) correctly gives the maximum number of edges in the subgraph corresponding
to X with the constrained number of vertices (each k value).
Proof. Each leaf vertex, X, in the tree corresponds to a single edge, (a, b), in the
original graph. There are only three possible values of k in this case, zero, one,
or two.
If there are zero vertices included, the maximum number of edges is zero.
However if we try to include either vertex a or b or both this would be absurd
(because we are including zero vertices), so these entries should be undefined.
If one vertex is to be included, again it would be absurd to try to include
zero or two vertices, so these entries are undefined. The only feasible possibilities
are including only a for zero edges or only b for zero edges.

tmigler@calpoly.edu

120

S. Gonzales and T. Migler

If two vertices are to be included, it would be absurd to include zero or only
one vertex, so these entries are undefined. The only feasible possibility is to
include both a and b and since there is an edge between a and b, we get one
edge.
&
%
Lemma 2. For each vertex, V , in the tree T able(V ) correctly gives the maximum number of edges in the subgraph corresponding to V with the constrained
number of vertices (each k value).
Proof. If V is a leaf vertex, then Lemma 1 gives us that T able(V ) is correct. So,
we may suppose that V is not a leaf vertex and inductively that the tables for the
children of V are correct. Let X1 , X2 , . . . , Xm−1 denote the children of V , and
let the child Xi have label (xi , xi+1 ). This means that V has label (x1 , xm ). The
table for V is then calculated by merging the tables for each Xi ; that is, we first
merge T able(X1 ) = T(x1 ,x2 ) and T able(X2 ) = T(x2 ,x3 ) to get a table T(x1 ,x3 ) , then
we merge T(x1 ,x3 ) with T able(X3 ) = T(x3 ,x4 ) to get T(x1 ,x4 ) and so on, ultimately
obtaining the table T(x1 ,xm ) . We claim that a call to merge on the tables for
two consecutive tree vertices X and Y with labels (x, y) and (y, z), respectively,
results in a correct table for the union of the subgraphs corresponding to X and
Y , as well as the edge (x, z) (if it is an edge). If the claim is true, then the result
of merging the tables of each child Xi must result in the correct table for V .
Table T(x,z) should have a row for each pair of values bx and bz , and each
entry in the row corresponds to a particular value of k. So, fix bx , bz , and k. The
entry T(x,z) (bx , bz , k) should contain the maximum number of edges possible over
all subgraphs of k vertices that may contain x and z (depending on the values of
bx and bz ), where this subgraph is contained in the union described above. The
merge procedure checks for the cases when we include y or do not include y in
the subgraph by setting the bit by . So, fix by . The procedure then checks the egde
count in every possible subgraph by varying the values of kx and kz , which are the
k values we use to lookup edge counts in the tables T(x,y) and T(y,z) , respectively.
The idea is that we can check all possible subgraphs of size k containing the
included vertices by checking subgraphs corresponding to X and Y such that
the number of vertices in both subgraphs sums to k. In order to ensure that
the values of kx and kz do in fact result in a correctly sized subgraph union, the
procedure first sets kx to be some value between bx +by and k (the lower bound is
due to the fact that kx is a vertex count, and bx and by effectively count whether
x and y are included). The procedure then sets kz to be k − kx + b + y; adding
in by avoids double counting the inclusion of y (if it is included). However, if
x = z and bx = bz = 1 (i.e. x and z are both included in the subgraph), we have
double counted the vertex x, hence the procedure increments the value of kz to
allow another vertex to be included in the union. The procedure then saves the
value T(x,y) (bx , by , kx ) + T(y,z) (by , bz , kz ) and increments it if (x, z) is an edge
and both vertices are included (this is because each individual table does not
account for the edge). Once all such values are computed, the procedure sets
T(x,z) (bx , bz , k) to be the maximum value (if all values were undefined, the table
entry is set to be undefined as well). Since each value corresponds to an edge
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count of the corresponding subgraph and all subgraphs were checked, the table
entry is thus the maximum number of edges. Therefore, the merge procedure
results in a correct table for the corresponding subgraph, whence the table for
V must also be correct.
&
%
The running time for this dynamic program on outerplanar graphs is O(nk 2 ):
There is a table for each tree vertex and the number of tree vertices is the number
of edges in the graph (plus 1 for the root which doesn’t correspond to an edge).
Also, since our graph is planar the number of edges is linear in the number of
vertices. It takes O(k 2 ) time to fill in each table.

3

An Algorithm to Find the Densest k Subgraph
Problem in b-Outerplanar Graphs

We now lay out the dynamic programming solution for the densest k subgraph
problem in b-outerplanar graphs. We define trees, labels, and slices similarly to
Baker [2]. We assume that the given graph is connected. We define levels. Level 1
vertices form the outer face of the b-outerplanar graph. Level 2 vertices form the
outer face if all level 1 vertices are removed, and so on. Additionally, we assume
that the level i vertices contained in a level i − 1 face form a connected subgraph
called a level i component. If this is not the case, we may add fake edges that
will simply be ignored when we calculate table values. Throughout this section,
we will use the 3-outerplanar graph in Fig. 2 as a running example.
We construct a triangulation of our graph. We will use the triangulation to
construct trees and slices. Any triangulation will do, and one can be constructed
in linear time by scanning the vertices in levels i and i + 1 in parallel for each
i = 1, 2, . . . , k − 1. A triangulation for the graph in Fig. 2 is given in Fig. 3.

Fig. 2. 3-outerplanar example

Fig. 3. Triangulation of example

Tree Construction. Since a level i component is an outerplanar graph, we can
construct a tree for each level i component where the vertices of the tree represent
interior faces and exterior edges of the component, just as in the previous section.
However, we need to restrict how the roots and leftmost children are chosen for
trees of level i components, where i > 1. For details, see Baker [2]. An example
is given in Fig. 4.

tmigler@calpoly.edu

122

S. Gonzales and T. Migler

Slice Construction. The dynamic programming solution follows a divide and
conquer paradigm, where we divide the graph into so-called slices and calculate
the tables for each slice before merging them together. Each vertex in each
tree (and hence each interior face and exterior edge in each component of the
graph) corresponds to a particular slice. The idea is to first define left and right
boundaries for each tree vertex, and then define their slices by taking the induced
subgraph of all vertices and edges that exist between the boundaries. The analogy
here is that one can obtain a slice of pie by first deciding where the two cut lines
will be (the left and right boundaries), and then the slice will be the pie that
exists between your cuts. The full construction of slices is given in the full version
of this paper.
In Fig. 4, each tree vertex has its left boundary vertices to the left and its
right boundary vertices to the right (note that the right boundary vertices for a
tree vertex are the same as the left boundary vertices of the next tree vertex).

Fig. 4. Trees with slice boundaries

Dynamic Program. In this section, we detail the dynamic program that solves
the densest k subgraph problem for b-outerplanar graphs. The dynamic program
is given by the procedures table, adjust, merge, extend, and contract. Note that
adjust, merge, extend, and contract are original to this paper whereas the table
procedure is given by Baker [2]. The pseudocode for these procedures can be
found in the extended version of the paper. The program constructs a table
for each slice. The table for a level i slice consists of 22i entries: one entry for
each subset of the boundary vertices (the left and right boundaries for a level
i slice contain exactly i vertices each, for a total of 2i boundary vertices). An
entry contains a number for each value of k # = 0 . . . k, where this number is the
maximum number of edges over all subgraphs of the slice of exactly k # vertices
that contain the corresponding subset of the boundary vertices.
The main procedure of the program is table (find in extended version ), which
takes as input a tree vertex v = (x, y). This procedure contains four conditional
branches. The first branch handles the case when v represents a face f that does
not enclose a level i + 1 component. In this case, the procedure makes a recursive
call to table on each child of v and merges the resulting tables together.
The second conditional branch handles the case when v represents a face f
that encloses a level i + 1 component C. In this case, the procedure makes a
recursive call to table on the tree vertex that represents C. The resulting table
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is then passed to the contract function, which turns a level i + 1 table into a
level i table by removing the level i + 1 boundary vertices from the table, and
the contracted table is then returned.
The third conditional branch handles the case when v is a level 1 leaf. In
this case, the procedure returns a template table that works for all level 1 leaf
vertices, since any level 1 leaf represents a level 1 exterior edge of the graph.
The fourth conditional branch is slightly more complicated. This branch handles the case when v is a level i > 1 leaf vertex. The idea is to break up the slice
of v into subslices, compute the table for an initial subslice, and extend this table
by merging the tables for the subslices clockwise and counterclockwise from the
initial subslice. These subslices have their own respective subboundaries. In the
case that the slice of v is simply a line of vertices, no subslices can be created,
so the procedure will return the table for the whole slice by passing the vertex
to the create procedure, which effectively applies brute force to create the table
for the subslice determined by the second parameter p (this is explained in more
detail below).
In the case that the slice of v is not just a line, we can create tables for
subslices. Since we are dealing with a planar graph, there exists a level i − 1
vertex zp such that all level i − 1 vertices other than zp that are adjacent to x
are clockwise from zp , and all level i − 1 vertices other than zp that are adjacent
to y are counterclockwise from zp . Here, zp is the only level i − 1 vertex in
slice(v) that can be adjacent to both x and y (although it might not be adjacent
to either). So, we construct an initial level i table for the subslice corresponding
to zp using create, and then we make as many calls as necessary to the merge
and extend procedures (described below) to extend the table on one side with
subslices constructed from the vertices adjacent to x, and on the other side with
subslices constructed from the vertices adjacent to y.

Fig. 5. The slice for (c, d) is split into subslices for computing tables.

For example, Fig. 5 shows how we split slice((c, d)) into subslices. The algorithm finds that E is a level 1 vertex such that the level 1 vertices adjacent to c
are clockwise from E and the level 1 vertices adjacent to d are counterclockwise
to E (of which there are none). A call to create constructs the table for the initial
subslice with subboundaries c, E and d, E. We then merge the other subslices in
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a clockwise fashion, first merging the table for the subslice with subboundaries
c, C and c, E, and then merging the table for the subslice with subboundaries
c, C and c, B.
The adjust procedure, (see extended version for pseudocode), takes as input
a table T , which represents a slice with left boundary L and right boundary R.
Let x and y be the highest level boundary vertices in L and R, respectively. This
procedure checks if x "= y, and if so, adds 1 to the table entry where x and y are
both included. Unlike in Baker’s original procedure, the case when x = y is not
handled in this procedure and is instead handled in merge.
The merge procedure, given in Fig. 6 in Sect. A of the Appendix, takes as
input two tables T1 and T2 such that the right boundary of the slice that T1
represents is the same as the left boundary of the slice that T2 represents. Let
the left and right boundaries of the slice that T1 represents be L and M , and
let the left and right boundaries of the slice that T2 represents be M and R.
The resulting table T returned by merge represents the slice with left and right
boundaries L and R. This procedure constructs T by creating an entry for each
subset A of L ∪ R. As stated earlier, each entry contains a number for each value
of k # , where k # ranges from 0 to the number of vertices in the union of the two
slices represented by T1 and T2 , and where the number is the maximum number
of edges over all subgraphs of exactly k # vertices containing A. Each of these
individual subgraphs contains a different subset B of M .
The contract procedure, (see extended version for pseudocode), changes a
level i + 1 table T into a level i table T # . Here, T represents the slice for (z, z),
where (z, z) is the root of a tree corresponding to a level i + 1 component C
contained in a level i face f , and T # is the table for the slice of vertex(f ). Let
S = slice((z, z)) and let S # = slice(vertex(f )). Let the left and right boundaries
of S # be L and R, respectively. Then the left and right boundaries of S are of the
form z, L and z, R respectively. For each subset of L ∪ R and for each value of
k # , T contains two numbers: one that includes z and one that does not include
z. So, for each subset A of L ∪ R and each value of k # , we set T (A, k # ) equal to
the larger of these two numbers.
The create procedure takes as input a leaf vertex v = (x, y) in a tree that
corresponds to a level i + 1 component enclosed by a face f , and a number
p ≤ t + 1, where the children of vertex(f ) are u1 , u2 , . . . , ut . This procedure
simply applies brute force to create the table for the subgraph containing the
edge (x, y), the subgraph induced by the left boundary of up if p ≤ t or the right
boundary of up−1 if p = t + 1, and any edges from x or y to the level i vertex of
this boundary.
Lastly, the extend procedure, given in Fig. 7 in Sect. A of the Appendix,
takes as input a level i + 1 vertex z and a table T representing a level i slice, and
produces a table T # for a level i + 1 slice. Let L and R be the boundaries for the
level i slice represented by T . The boundaries for the new slice will be L ∪ {z}
and R ∪ {z}. For each subset A of L ∪ R and each value of k # , the new table
T # contains two values: one that includes z and one that does not include z.
The entries T # (A, k # ) which do not include z can simply be set to their original
values in T . For the entries T # (A ∪ {z}, k # ) that do include z, we first check
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that T (A, k # − 1) is not undefined. If this is the case, we set T # (A ∪ {z}, k # ) as
T (A, k # − 1) plus the number of edges between z and every vertex in A.
We claim that calling the above algorithm on the root of the level 1 tree
results in a correct table for the slice of the root and that this slice is actually
the entire graph. Since the level 1 root is of the form (x, x), its left and right
boundaries are both equal to x. Thus, the table for this root has exactly 4 rows,
and two of these rows are invalid since they attempt to include one copy of x
and not the other (which is nonsensical). The two remaining rows have numbers
corresponding to the maxmimum number of edges in subgraphs of size exactly k #
for k # = 0, . . . , k. Taking the maximum between the two numbers corresponding
to when k # = k gives us the size of the densest k subgraph.
A proof of correctness and analysis of the O(k 2 8b n) running time can be
found in the extended version.

4

Polynomial Time Approximation Scheme and Future
Work

When searching for a polynomial time approximation scheme (PTAS) for planar
graph problems, one often attempts to use Baker’s technique. For this technique,
we assume that we have a dynamic programming solution to the given problem
in b-outerplanar graphs. This technique works as follows: Given a planar graph G
and a positive number !, let b = 1! . Perform a breadth-first search on G to obtain
a BFS tree T , and number the levels of T starting from the root, which is level 0.
For each i = 0, 1, . . . , b − 1, let Gi be the subgraph of G induced by the vertices
on the levels of T that are congruent to i modulo b. Gi is likely disconnected.
Let the connected components of Gi be Gi,0 , Gi,1 , . . . . Since each Gi,j is (b − 1)outerplanar by construction, we may run the given dynamic program on each
Gi,j and combine the solutions over all j to obtain a solution Si for the graph
Gi . We then take the maximum Si , denoted S, as our approximate solution.
We hypothesize that this technique will not work for the densest k subgraph
problem on planar graphs. The reason is that by having a potentially large number of disconnected components, the approximate solution cannot be guaranteed
to be within the bound given by !. Suppose we have an approximate solution
S for the densest k subgraph problem on some planar graph G. Note that S
is the exact solution for the graph Gi for some i, meaning S does not account
for any vertices on the levels of T which are congruent to i modulo b. While S
could still be very dense, it is possible that most (if not all) of the edges in G are
between vertices in different levels of T . This allows for the possibility that no
matter which Si is chosen as the maximum, each graph Gi is missing too many
edges to closely approximate the optimal solution. For future work, it would be
of great interest for one to prove that such a construction is impossible using
Baker’s technique.
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Pseudocode Selections

procedure merge(T1 , T2 )
let T be an initially empty table;
let L and M be the left and right boundaries of the slice that T1 represents;
let M and R be the left and right boundaries of the slice that T2 represents;
for each subset A of L ∪ R do
for each k! = 0, . . . , maxT1 k! + maxT2 k! − |M | do
let V be an initially empty list;
for each subset B of M do
let n = 0;
let x and y be the top level vertices in L and R, respectively;
if x = y and x and y are both in A then
let n = 1;
for each k1 , k2 satisfying k1 + k2 − |B| − n = k! do
let m be the number of edges between vertices in B;
let v = T1 ((A ∩ L) ∪ B, k1 ) + T2 ((A ∩ R) ∪ B, k2 ) − m;
if v is not undefined then
add v to V ;
if V is not empty then
let T (A, k! ) = maxv V ;
else
let T (A, k! ) be undefined;
return T ;

Fig. 6. The merge procedure.
procedure extend(z, T )
let T ! be a table that is initialized with every entry in T ;
let L and R be the boundaries for the slice represented by T ;
for each subset A of L ∪ R do
for each k! = 0, . . . , maxT k! do
if T (A, k! − 1) is not undefined then
let m be the number of edges between z and every vertex in A;
let T ! (A ∪ {z}, k ! ) = T (A, k ! − 1) + m;
else
let T ! (A ∪ {z}, k ! ) be undefined;
return T ! ;

Fig. 7. The extend procedure.
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